
ALGEBRAIC CURVES

EXERCISE SHEET 11

Unless otherwise speci�ed, k is an algebraically closed �eld.

Exercise 1.

Let F be a projective plane curve.

(1) Let P ∈ P2
k. Show that P is a multiple point of F if, and only if, F (P ) =

FX(P ) = FY (P ) = FZ(P ) = 0.
(2) Suppose F is irreducible. Show that F has �nitely many multiple points.
(3) Suppose F is nonsingular. Show that F is irreducible.

Now assume that F is irreducible of degree n.

(4) Show that F has at most 1
2
n(n − 1) multiple points. (Hint: combine Be-

zout's theorem with previous questions.)

Exercise 2.

Let F be an a�ne plane curve.

(1) Show that a line L is tangent to F at P if, and only if, I(P, F∩L) > mP (F ).
This justi�es the de�nition of tangent lines for projective plane curves.

Now, let F be a projective plane curve and P a simple point on F .

(2) Show that the tangent line to F at P has equation FX(P )X + FY (P )Y +
FZ(P )Z = 0.
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Exercise 3.

Show that the following projective plane curves are irreducible; �nd their mul-
tiple points and the tangents at multiple points with their multiplicities:

(1) XY 4 + Y Z4 +XZ4

(2) X2Y 3 +X2Z3 + Y 2Z3

(3) Y 2Z −X(X − Z)(X − λZ), λ ∈ k
(4) Xn + Y n + Zn, n > 0

Exercise 4.

Find the intersection points and the intersection numbers of the following pairs
of projective plane curves:

(1) Y 2Z −X(X − 2Z)(X + Z) and Y 2 +X2 − 2XZ
(2) (X2 + Y 2)Z +X3 + Y 3 and X3 + Y 3 − 2XY Z
(3) Y 5 −X(Y 2 −XZ)2 and Y 4 + Y 3Z −X2Z2

(4) (X2 + Y 2)2 + 3X2Y Z − Y 3Z and (X2 + Y 2)3 − 4X2Y 2Z2
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